Quantum Steering without Inequahties 
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We show that, for any two-qubit state, quantum steering can be proven without testing the 
violation of steering inequahties. We show that steerability is proven if Bob's normalized conditional 
states after Alice's measurements are pure. This method, which may be seen as the quantum steering 
analog of Greenberger-Horne-Zeilinger-like tests of Bell nonlocality without Bell inequalities, offers 
advantages with respect to the existing methods for experimentally testing quantum steering. 
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Introduction. — Quantum steering is a form of quan- 
tum nonlocality intermediate between entanglement and 
Bell nonlocality. The concept of steering goes back to 
Schrodinger [l| and was properly formalized by Wise- 
man, Jones, and Doherty [2|. In the steering scenario, 
Alice prepares a bipartite system, keeps one particle and 
sends the other one to Bob. She announces that the par- 
ticle Bob receives is entangled with the one she holds, 
and thus that she has the ability to "steer" the state of 
Bob's particle at a distance. This means that she could 
prepare Bob's particle in different states by measuring 
her particle using different settings. However, Bob does 
not trust Alice; Bob worries that she may send him some 
nonentangled particles and fabricate the results using her 
knowledge about the local hidden state (LHS) of his par- 
ticles. Bob's task is to prove that no LHS exists. 

At the beginning, Alice announces the possible ensem- 
bles {E^ : A} into which she can steer Bob's states. Here 
A denotes Alice's local measurement, = {p^ : a}, 
with p"^ denoting the state Bob will get if Alice measures 
her particle with A and obtains result a, and the tilde rep- 
resents that this state is unnormalized (its norm is the 
probability of Alice gets result a). Then, Bob randomly 
picks up an ensemble E^ , and asks Alice to prepare it. 
Then, Alice measures A on her system, and tells Bob 
which she has steered (at that moment, Alice knows 
which a she gets, so she knows Bob's state). After many 
runs. Bob can verify whether each state Alice announced 
has the correct probability tr(/3^). 

If Bob's system admits a LHS {p^Ps}, where p^'s are 
states that Bob does not know (but Alice may know), 
and > is the probability of p^, with = 1, 

then Alice could attempt to fabricate her results, using 
her knowledge of ^. Specifically, Alice could cheat Bob 
if there exists an ensemble {pjp^} and a stochastic map 
p(a|i,0 from ^ to a, such that pf = Y.^ p(«I^>Op?P?> 
with X]aP('^l^'0 ~ 1- Conversely, if the correlations 



cannot be reproduced in this way, then no LHS exists, 
and Alice will convince Bob that she can actually steer 
his state. 

Steering is usually proven by the violation of a steering 
inequality 0, |3i ■ In analogy to a Bell inequality, which is 
satisfied by any local hidden variable model, a steering 
inequality is a correlation inequality satisfied by any LHS 
that Alice could possibly prepare. To test a steering in- 
equality, first Bob asks Alice to perform one of a few pos- 
sible measurements on her system and to tell him what 
the measurement result was. Then, Bob performs a mea- 
surement on his own system to check whether or not he 
holds the correct state. Repeating this procedure a suffi- 
cient number of times allows Bob to test the violation of 
the steering inequality. Several steeringinequalities have 
been experimentally tested recently y-|7|. 

Here we introduce a method to prove steering without 
using steering inequalities. The idea somehow resembles 
Greenberger-Horne-Zeilinger (GHZ) ^ and "all-versus- 
nothing" (AVN) 0, [lol | proofs of Bell nonlocality without 
using Bell inequalities, but in a way goes far beyond. We 
will prove that, for any two-qubit state, quantum steer- 
ing can be proven whenever Bob's normalized conditional 
states (which arc those obtained after Alice performs the 
measurements Bob asked her to perform) are pure. This 
offers an alternative transparent proof of nonexistence 
of LHSs. In addition, it provides an effective method 
to experimentally test quantum steering which has some 
advantages with respect to the existing methods. 

Our main result is the following Theorem. 

Theorem: For any two-qubit entangled state pab , Bob 
can prove quantum steering by checking that his normal- 
ized conditional states p" (a = 0, 1) are two different pure 
states. 

In the steering scenario, Alice prepares a two-qubit 
state pab^ she keeps one qubit and sends the other to 
Bob. On her qubit, Alice is asked by Bob to perform a 
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projective measurement 



V: = [a + {-irn ■ S]/2, 



(1) 



and to tell the measurement result of a. Here fi = 
(n^jHy^nz) is the measurement direction, a (with a — 
0, 1) is Alice's measurement result, 1 is the 2x2 iden- 
tity matrix, and a = {(yx,o'y,az) the vector of the Pauli 
matrices. 

After Alice's measurement, Bob's two conditional 
states become 



~n 

Pa 



tr(7'o" pab) = tr(| + n){+n\ pab), (2a) 
p'l = tY{P^ pab) = tr(| - h){-h\ pab). (2b) 

In general, the normalized conditional states pj,' = 
Pa/^^{Pa) iiot pure. If both p" (a = 0,1) are pure, 
then the state pab possesses the following uniform form: 



PAB = v^®p^ + r^®p'i 

+ 1 -h){+h\ ®M\ 



+ I + h){-n\ ® M 



(3) 



where is a 2 x 2 complex matrix under the positivity 
condition of pab, and = {M)^ . 

Remark 1: Suppose that Alice prepares a product 
state pab = \4'a){'4'a\ ® \4'b){^b\- It can be verified 
that, for any projective measurement ■p^ (V^ ^ \^pA){i^A\ 
and performed by Alice, Bob always obtains 

the same two equally pure normalized conditional states 
Po — Pi — |V'b)(V'-b|: which means Alice cannot steer 
Bob's state. Moreover, Bob can obtain two equally pure 
normalized conditional states if and only if pab is a 
direct-product state. Hence, hereafter we will assume 
that Pq and p" are two different pure states. 

The steerability of pab is invariant under the local uni- 
tary transformation Ua (E) 1. In other words, the steer- 
ability of Pab is equivalent to that of the rotated state 
QAB = {l^A ^ T^)pab{1^a ® It is always possible for 
Alice to choose an appropriate unitary matrix U that 
rotates the direction h to the direction z. Therefore, 
without loss of generality, we can initially set ri = 2 by 
studying the rotated state qab instead of pab ■ 

Let us denote the rotated density matrix qab as 



QAB 



I Cii C12 Ci3 Cia\ 

C2I C22 C23 C24 

C3I C32 C33 C34 

\C41 C42 C43 €44/ 



(4) 



After Alice performs a projective measurement in the z- 
direction, Bob's unnormalized conditional states are 



pg =trA[(|0)(0| ® 1)^)AB] = 



Cll C12 

C21 C22 



(5a) 



pi^ivAm{l\®t)QAB]^(j^ J'). (5b) 

VC43 C44/ 



The corresponding pure conditional states are denoted as 

1 fcil C12' 



Po = 



pi \C21 C22 



z I \ / I 1 / C33 C34 
P2 C44 



(6a) 
(6b) 



with pi = tr(pg) = Cll + C22 and p2 = tr(pf ) = C33 -|- C44. 
Then, the expression for qab is 

QAB = pi\Q){Q\®\ipi){ipi\+ p2\l){l\®W2){ip2\ 

MO){l\®M^\l){Q\®M\ (7) 



with 



M = 



Cl3 Cl4 
C23 C24 



(8) 



Let Po 7^ Pi- To prove the Theorem, let us first prove 
two Lemmas. 

Lemma 1: = if and only if qab is separable. 

Proof: From Eq. ([7]), it is easy to see that M. ^ Q 
implies that qab is separable. To prove the converse, 
one needs the definition of separability: 



Qab = X! ® "^^^ 



(9) 



where TAi and TBi are, respectively, Alice and Bob's local 
density matrices, and pi > Q satisfy Y^^Pi = 1. For 
convenience, let T™j" {m,n = 1,2) denote the element of 
Alice's density matrix tai- By calculating It{\Q){0\qab) 
and iT{\l){\\QAB), one has, from Eqs. ^ and (0), that 



TAiTBt = pi|(/?i)((pi|, 

i 

X^P* '^Ai'^Bi = P2|'P2)('P2|- 



(10a) 
(10b) 



Let \ and lyj^) be two pure states that are orthogonal 
to \ipi) and \(p2), respectively. Explicitly, 



1 / C22 -ci; 



Wt){vt\ = -, , , 

Pi \ — C2I Cll 
P2 V~^43 C33 



(11a) 

(lib) 



Notice that 



tr[Eq. (Unil X \ipi){fiW = 0, (12a) 

tr[Eq. (HObl X = 0. (12b) 

Thus, for any index i, we have 

T\]tT{TBM){^i\) = 0, (13a) 

rfMrBM){^i\) = 0, (13b) 
which results in 

r\\rf, [tTiTBM){v>i\)+tr{TBM){^2\)]-0- (14) 
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Since \(pj^) and jtp^) are two different pure states that 
cannot be simultaneously perpendicular to the state TBi, 
thus the only possibility is t^^t^^ — 0, which yields r^^ — 
= due to the positivity condition of density matrix 
TAi- Therefore, 



M = trill) {0\gAB) 



E12 



0. 



(15) 



Lemma 1 is henceforth proved. ■ 
Lemma 2: The state qab admits a LHS (which means 
that it is not steer able) if and only if 7W = 0. 

Proof: M ~ implies qab is separable, thus qab 
admits a LHS. Now we focus on the proof of necessity. 
Suppose QAB has a LHS, then there exists an ensem- 
ble {p^p^} with J2^Pi = I'P? > (note that = 
is excluded, since it means that does not appear in 
the ensemble), and a stochastic map p{a\A,^) satisfy- 
ing Pa = 'E^PHAOPiPi, with EaP(a|^'0 = 1, 
p(a|A,^) > 0. Here A is Alice's measurement 

If Alice's measurement setting is then we have 



Po = MilVi>(<yfil 



p(o|5,Op?p?> 



(16a) 



(16b) 



p(0|i,Op?P6 



(16c) 



Pi 



-{pi\(pi){ipi\ + P2\V2){^2\ - M - M'^) 

= 5]p(l|i,0p«P«- (16d) 

Because {Lpj^\Eq_. (|16ap |yj^) = and 

(</5^|Eq. ([l6b||(^^) = 0, then, for any index ^, we 
have 

{^i\Pi\^i)p{0\z,O=0, (17a) 

{^^\pM)piM^^O=0. (17b) 

FromEq. ^ x {^^\p^\^^) +Eq. ^ ifUpiH), 

we have 

{^i\pM)i^2\pM)^^^ (18) 

which implies that p^ G {\(pi){ipi\,\ip2){y:>2\} for any ^. 
Combining this result with Eq. (|16cp . one finds that 
Eq. (|16cp is valid only if -|- ^ is a linear combination 
of \(pi){(pi\ and \ip2){'P2\ (let us denote it as M + — 
{ax\ipi){ifi\ + 13x1^2) {^21)/ 2, with ax,/3x G M). Other- 
wise, no LHS can produce Bob's conditional states. 
Similarly, if Alice's measurement setting is {z, y}, then 

+M2|<^2)(<^2| -i{M~M'')] 



Pi 



= ^p{^\y.Opm- 



(19) 



Following the same analysis as above, one finds that 
Eq. (HH) is valid only if X - M'^ = i{ay\Lpi) + 
/3j,|(p2)(<^2|)/2, with a J,, /3j, the real numbers. Thus if 
there exists a LHS for the state QAB^ then M. must be 
the form M — a\Lpi){ipx\+ [3\'^2){<-P2\, with a = ax + iay, 
P — Px + ifiy Substituting M in Eq. JT]), we have 



1 a 


p 



QAB = P'^\ a* 0^® 



+P2 { ) » \^2){^2\ 



Now we construct the following two projectors: 



Qi = \xi){xi\^\v'i){'pi\, 

Q2 = \X2){X2\^\V>i){^i\, 



1 a 



(20) 



(21a) 
(21b) 



where is the eigenvector of ^ with eigenvalue 

vi — ^(1 — ■\/l + 4|q;P) < 0, and \x2) is the eigenvector 

of with eigenvalue V2 = |(1 - y/TTiW) < 0- 

Because g^iB is a density matrix, then one has 

trigABQi) = vipi\{ip^\^i)\^ > 0, (22a) 
tr{gABQ2) = V2P2\{vi\V2)\^ > 0. (22b) 

Thus a — /3 = and M = 0. Lemma 2 is henceforth 
proved. ■ 

Remark 2: Three measurement settings were used in 
the proof of Lemma 2. This does not mean that we need 
a three-setting protocol to demonstrate steering. For a 
given entangled state qab, Lemma 2 shows that Ai + Ai'' 
and A4 — M.'' cannot be linearly expanded of and 
1^2) {^2] simultaneously (because that means M = and 
PAB is separable). Thus, for a given entangled state qab, 
ilM+M^ ^ {ax\^p\)i^P\\+Px\^>2)'\^2\)l'^, then the two- 
setting protocol using {£, x\ is sufficient to demonstrate 
quantum steering; otherwise, the protocol using {z, y} 
will work. 

We are now ready to prove the main Theorem. 

Proof of the Theorem: The proof is based on Lemmas 
1 and 2. For a given two-qubit state of the form ([3]), 
after Alice performs the projective measurements. Bob 
obtains two different pure normalized conditional states. 
Then, the following three propositions are equivalent: (i) 
M ^ 0. (ii) PAB is entangled, (iii) No LHS exists for 
PAB, thus PAB is steerable. The Theorem is henceforth 
proved. ■ 

Steering without inequalities vs steering inequalities. — 
Here we discuss how the method for detecting steering 
introduced in this Letter compares with previous steer- 
ing inequalities. For this purpose, consider the following 
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FIG. 1: (Color online) Detecting steering of state (I23p using 
the inequality (|24|) . Steerability can be detected using the 
inequality (|24p only in the green region. In contrast, according 
to the proof of steering without inequalities, the state 1)23^ is 
steerable for the whole region in which it is entangled. 

entangled state: 

f Vcl Vsgce\ 

{l~V)sl {1-V)sece 
{1-V)sgcg il-V)cl 

\VsgCg Vsj J 

(23) 

with V e [0, 1/2) U (1/2, 1], 9 e (0,7r/2) (otherwise the 
state is not entangled), cg — cos 9, and sg = sin0. It 
can be verified that, after Alice performs the projective 
measurement along the ^-direction, Bob's conditional 
states are pg — and pf — ^\ip2){i^2\, with 

IV'i) = coseilO) +sin6'|l} and |i/'2) = coseilO) - sin6l|l). 
Quantum steering of the state (I23p can be demonstrated 
by the two-setting protocol using {x, z}. 

Alternatively, to detect steering, one can consider the 
following class of A^-setting inequality introduced in Ref. 
[i] to detect steering of two-qubit states: 

1 ^ 

By checking a 10-setting steering inequality of the form 
(p4l) . we observe that, for some regions of V and 9, the 
steering inequality cannot detect steering (see Fig. [T]). 

In contrast, steering without inequalities will always al- 
low us to detect steering for any state of the form ((23|) . In 
this sense, steering without inequalities is different from 
Bell nonlocality without inequalities. While Bell nonlo- 
cality proofs (GHZ and AVN) applies only to a smaller set 
of quantum states [l^ - [l^ than Bell inequalities, the pre- 
vious example shows that steering without inequalities 
applies to two-qubit states for which steering inequalities 
fail. 

Conclusions. — We have demonstrated quantum steer- 
ing without inequalities for any two-qubit entangled 



state. The proof offers a transparent argument for the 
nonexistence of LHSs without resorting to steering in- 
equalities. In contrast with the connection between 
proofs with and without inequalities of Bell nonlocality 
(where GHZ and AVN proofs are not valid for two-qubit 
states, apply to a smaller set of quantum states than Bell 
inequalities, and are not particularly useful to experimen- 
tally test Bell nonlocality), steering without inequalities 
is valid for two-qubit systems, applies to more two-qubit 
states than the steering inequalities of Ref. [3], and of- 
fers an effective experimental method to detect steering 
based on testing the purity (for instance, through state 
tomography) of Bob's reduced state. This provides a sim- 
ple alternative to the existing experimental method for 
detecting steering We expect further developments 

along these lines in the near future. 
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